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The problem of diffusion in pore networks that are close to a percolation threshold
is considered. Such networks arise: if the network is poorly connected; if the diffusing
molecules are of a comparable size to the pores so that the fraction of the network
accessible to the molecules is close to the percolation threshold; and in solids with
multimodal pore-size distributions in which the pores belonging to the largest mode
form a network close to the percolation threshold. We have investigated diffusion
in such networks, using a new method in which the mass balance equations for
diffusion on a regular lattice are solved using a Monte Carlo approach, coupled
with a renormalized effective medium approximation. The method is accurate both
close to and far from the percolation threshold, and is fast enough for routine
calculations, such as in catalyst design applications.

Introduction

The problem of the prediction of the effective diffusivity of
porous solids arises in the design of catalyst supports and
adsorbents. For example, if the effective diffusivities of the
species involved in a catalytic reaction can be predicted as a
function of the morphology of the catalyst support, then an
optimal pore structure can be identified. The prediction of the
effective diffusivity depends, in the first place, on the avail-
ability of the appropriate experimental measurements. These
include measurements of the bulk diffusion coefficients of the
relevant species and determination of those aspects of the mor-
phology of the solid that are amenable to analysis. These data
must then be converted to an estimate of the effective diffu-
sivity using a method that is both accurate and fast enough to
repeat many times during the design process.

Sahimi et al. (1990) have reviewed methods for predicting
the effective diffusivity of porous solids, as well as other aspects
of transport and reaction in porous media. A realistic model
of the pore network must incorporate both the geometry of
the pores (the pore shape and the pore-size distribution) and
the topology of the pore network. For reasons of tractability,
it is convenient to map the real pore network onto a regular
lattice. In this mapping, each pore becomes a bond on the
lattice and each intersection between pores becomes a node.
The mean coordination number of the lattice, which reflects
the topology of the pore network, can be allowed to vary by
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deleting some of the bonds in the lattice or, equivalently, by
setting their width to zero. Both parameters of this structural
model, the mean coordination number and the pore-size dis-
tribution, can be obtained experimentally. The pore-size dis-
tribution can be obtained from nitrogen sorption measurements
using the method of Barrett et al. (1951), its variants due to
Cranston and Inkley (1957), Brunauer et al. (1967) and Broek-
hoff and de Boer (1967), or the statistical-mechanical method
of Seaton et al. (1989). Recently, Seaton and coworkers (Sea-
ton, 1991; Liu et al., 1992) have developed a method for de-
termining the mean coordination number of a solid from
sorption measurements.

If it is assumed that the pores in the network are much
longer than they are wide, transport is essentially one-dimen-
sional within the individual pores so that the calculation of
the effective diffusivity is reduced to the solution of a set of
linear equations (often called Kirchhoff’s equations), each of
which represents a mass balance at one of the nodes. If each
bond on a lattice is associated with a particular pore size,
chosen at random from the appropriate pore-size distribution,
the mass-balance equations can be solved numerically to give
the effective diffusivity. For convenience, we call this the direct
solution (DS) method. The calculation must be repeated over
many realizations of the lattice (with pore sizes distributed
randomly in each case) to obtain a good value for the effective
diffusivity. In addition, the effect of lattice size must be con-
sidered to eliminate the finite-size effect. The computer time
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required for such calculations is large; for example, it typically
requires many hours on a Sun SPARC Station 17 to obtain
an accurate result. This suggests that while it is feasible to
carry out a few such calculations, the large amount of com-
putation required for the optimization of the pore structure
would take too long with current computer technology. In
practice, therefore, an approximate solution method is re-
quired.

Kirkpatrick (1973) obtained a solution to the analogous
problem of calculating the effective conductivity of a network
of conductors using an effective medium approximation
(EMA). The EMA used by Kirkpatrick has been shown to be
accurate provided the network is not near its percolation
threshold (Kirkpatrick, 1973; Koplik, 1981). The failure of
EMA near the percolation threshold reflects the poor estimate
of the percolation threshold provided by EMA. For example,
for bond percolation on a simple cubic lattice, EMA predicts
that the percolation threshold, p.= 1/3 which is much higher
than the accurate value of 0.2493 (Stauffer and Zabolitzky,
1986). Several workers have exploited the analogy between
diffusion and electrical conduction, and applied EMA to the
prediction of effective diffusivities. Davis and coworkers (Davis
et al., 1975; Davis, 1977) showed that EMA could be extended
in a straightforward way to calculate the effective diffusivity
of a pore network by replacing the electrical conductance with
an equivalent diffusional conductance. Benzoni and Chang
(1984) employed EMA to estimate the effective diffusivity of
a pore network with a binary distribution of pore sizes. More
recently, Burganos and Sotirchos (1987) and Sotirchos and
Burganos (1988) established a rigorous basis for the application
of EMA to the diffusion problem by deriving the correct re-
lationship between the effective diffusional conductance ob-
tained from EMA and the effective diffusivity of the pore
network.

As EMA is accurate except near the percolation threshold,
it is natural to ask whether networks close to the percolation
threshold arise in practice. If this were not the case, EMA
would be all that was required. The occurrence of a percolation
transition in the desorption isotherm during nitrogen sorption
experiments (Liu et al., 1992), which would not occur if the
network were near its percolation threshold, suggests that for
many solids the pore network is sufficiently well-connected for
EMA to be applicable. Nevertheless, even for solids with well-
connected pore networks, there are situations in which the
ability to model diffusion near the percolation threshold is
important. First, if the diffusing species are of a comparable
size to the pores, some of the pores will be inaccessible to some
of the species. The proportion of pores that are inaccessible
will vary from species to species so that each species diffuses
through a network with a different effective connectivity. Some
species may experience a network that is close to its percolation
threshold. The diffusion of molecules comparable in size to
the pores has been considered in detail by Sahimi and Jue
(1989) and by Sahimi (1992). Secondly, in some fluid-solid
reactions (both catalytic and noncatalytic), the pore network
evolves with time due to the growth or deposition of a solid
phase. Examples of such processes are the deposition of metal
sulfide in hydrodemetalation catalysts and the reaction of sul-
fur dioxide with calcined limestone. The reactivity of the solid
is reduced as the solid is deposited, due both to the decreasing
surface area and to the reduction in the effective diffusivity
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as pores are progressively reduced in size and then blocked by
the solid. The resulting decrease in the connectivity of the
network eventually leads to a percolation transition (Mohanty
et al., 1982; Sahimi and Tsotsis, 1985; Mann et al., 1986; Mo
and Wei, 1986; Reyes and Jensen, 1987; Shah and Ottino,
1987; Melkote and Jensen, 1989). The need to calculate the
effective diffusivity near the percolation threshold is inherent
to this type of process. Finally, in a solid with a multimodal
pore-size distribution, transport will be dominated by the pores
that form the largest mode of the distribution, provided that
they form a percolating subnetwork and that the modes are
sufficiently far apart. If the subnetwork formed by the pores
in the largest mode is near the percolation threshold, the per-
colation behavior of that subnetwork will dominate the effec-
tive diffusivity of the whole network.

It is of interest to note that percolation concepts can some-
times be useful even when the network is in no physical sense
close to a percolation threshold. Ambegaokar et al. (1971)
pointed out that provided the distribution of conductances is
broad, the effective transport properties of a network are dom-
inated by the contribution of a barely-percolating subnetwork
composed of the larger conductances. This idea is the basis of
a method developed by Katz and Thompson (1986, 1987) for
the prediction of the electrical conductivity and fluid perme-
ability of oil reservoir rocks.

Sahimi et al. (1983) have combined elements of renormal-
ization group theory with EMA to produce a method for cal-
culating the effective conductivity that is more accurate near
the percolation threshold than the original EMA.. In this article,
we present a new method for the prediction of the effective
diffusivity of amorphous porous solids, based on the approach
of Sahimi et al. We have used a Monte Carlo procedure to
adapt their basic approach to predict the effective diffusivity
of solids with continuous pore-size distributions (in their work,
a binary conductance distribution was used). We demonstrate
the accuracy of the method by comparing its predictions with
essentially exact results from the direct numerical solution of
the mass-balance equations describing diffusion on the simple
cubic lattice. We go on to consider the variation in the rate of
hindered diffusion as a function of molecule size and diffusion
in solids with bimodal pore-size distributions.

Theory

The diffusional flux through a cylindrical pore with radius
r and length / is given by:

_ aD(r)r?

J
f

Ac 1)

where D (r) is the diffusion coefficient of the diffusing species,
and Ac is the difference in the concentration of that species
over the length of the pore. By allowing the diffusion coef-
ficient to vary with pore radius we allow for diffusion of the
Knudsen and hindered types. By analogy with Ohm’s law, the
diffusional conductance, g, can be defined by:

_aD(r)r’

T
7 =7a(r) 2
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where for convenience, the pore-size-dependent factors are
collected together in the quantity a(7) =D (r)r%.

In the effective medium approximation (EMA) (Kirkpatrick,
1973), the network of conductances is replaced by an effective
network in which each bond has the same conductance. The
effective medium conductance, <g>gma, is the solution to:

(8- <g>Eema) _
Shg(g) B (Z2-D<e>oml %0 ®

where Z is the coordination number of the network, and 4, (g)
is the conductance probability density function [that is, the
number fraction of pores with a diffusional conductance be-
tween g and g+dg is h,(g)dg]. For a network in which the
mean coordination number is reduced from that of the original
network by the random removal of bonds,

h,(g)=(1-p)d(g) +pfe(g) )

where 8(g) is the Dirac delta function, and p is the bond
occupation probability (that is, the fraction of bonds not de-
leted).

For the diffusion problem, it is convenient to rewrite Eq. 3
in terms of a(r) as follows:

la(r) — <a>gmal e
[a(r)+(Z2-D<a>gual

gh,(r) 0 (&)

where A, (r) is the pore-size distribution (strictly the probability
density function for the pore radius), and <a>py, is the
effective medium value of a(r). In writing Eq. 5, we have
assumed that the pores are of uniform length, /,. For a network
diluted by the random removal of bonds,

h(r) =(1=p)o(r) +pfi(r) 6

where f,(r) is the pore-size distribution of the surviving pores
in a diluted network. Burganos and Sotirchos (1987) have

shown that for a network of cylindrical pores, the effective
diffusivity, D,, is related to <a>gya by:

1
D, =3 Kal,<a>gua %)

where K is the number of pores per unit volume of the solid.
K is given by (Burganos and Sotirchos, 1987):

€

= 8
r<ri>l, ®
where ¢ is the porosity of the solid, so that
1 <a>gua
Dy=—¢e——— 9
T3 <> ©
where <r?> is the arithmetical mean value of >
<r’>= S f(r)yrtdr (10)
0

In position space renormalization group (PSRG} theory
(Stinchcombe and Watson, 1976; Bernasconi, 1978; Reynolds
et al., 1980; Tsallis et al., 1983; Shah and Ottino, 1986), the
original network is divided into identical unit cells of linear
dimension b. Figure 1a shows such a unit cell with =2 for a
simple cubic network. The conductances of the bonds are dis-
tributed according to the conductance distribution 4,(g): that
is, the bonds are absent with probability (1 —p), and the re-
maining bonds are assigned conductances from the distribution
Jz(g). The renormalization procedure involves replacing the
original cell by three renormalized bonds (Figure 1b). The con-
ductance distribution of the renormalized bonds, f;(g), is cho-
sen so that the three normalized bonds offer the same resistance
to transport as the original cell. That is, if a potential difference
(or a concentration difference) were applied in turn across a
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Figure 1. (a) b=2 renormalization cell for the simple cubic lattice; (b) renormalized bonds corresponding to this

cell; and (c) equivalent electrical circuit.
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large number of replicas of the original cell (in the x-direction,
say) with the conductances being assigned at random from
J;(g), the measured distribution of currents would be the same
as those calculated from the conductance distribution of the
renormalized bonds. Note that the unit cell of Figure la is
equivalent to the electrical circuit (a generalized Wheatstone
bridge) with 12 bonds shown in Figure 1c. The fraction of
occupied bonds changes on renormalization. Figure 2 shows
the renormalized bond occupation probability, R (p), vs. p for
the renormalization cell of Figure 1a. Thus, on renormaliza-
tion, the original conductance distribution 4,(g) = (1 —p)é(g)
+pf,(g) is replaced by h; (g) =[1-R(p)18(g) +R(p)f,; (8).

A new cell, topologically equivalent to the original but with
linear dimension a factor of b larger, is then created out of
the renormalized bonds, and the renormalization procedure is
repeated. With each successive renormalization, the conduct-
ance distribution becomes increasingly narrow. As the number
of realizations —oo, h; (g)—6(g—g) where § is the renor-
malization group estimate of the effective conductance. At the
same time, the fraction of occupied bonds moves toward one
of three fixed points. If the initial fraction of occupied bonds
satisfies p* = R(p”™), the fraction of occupied bonds does not
change as a result of renormalization, and p* is an estimate
of percolation threshold p.. For the renormalization cell of
Figure 1, p* =0.2085 (Bernasconi, 1978), compared with the
correct value of p.=0.2493 (Stauffer and Zabolitzky, 1986).
If p>p*, the fraction of occupied bonds increases with each
renormalization step and tends to unity. If p<p™, the fraction
of occupied bonds decreases with each renormalization step
and tends to zero. Thus, with each renormalization, the system
moves further from the percolation threshold.

The renormalized conductance distribution hg' (g) is given
by the solution of (Stinchcombe and Watson, 1976):

h, (2)=[1-R(p)15(2) + R(D)f; (8)

= SS .t Shg(gl)hg(gz)s vy hg(gn)dgldgzn'dgné(g*g,)
)

where g,, &, ..., &, are the individual conductances in the
electrical circuit (Figure 1c¢) that is equivalent to the renor-
malization cell (Figure 1a), and g’ is the conductance of this
circuit. g’ can be obtained analytically as a function of g, g;,
..., &, by solving Kirchhoff’s equations for the circuit.
Stinchcombe and Watson (1976) solved Eq. 11 exactly for a
two-dimensional renormalization cell. In general, however, an
exact solution cannot be obtained, and it is necessary to adopt
an alternative approach. One approach (Stinchcombe and Wat-
son, 1976; Bernasconi, 1978; Tsallis et al., 1983) for a binary
conductance distribution, #,(g) =(1—p) 6(g) +pé(g—g), is
to replace the renormalized distribution 4, (g) with an appro-
priately chosen renormalized binary distribution. A second ap-
proach, which is applicable to continuous as well as discrete
conductance distributions, is to solve Eq. 11 using a Monte
Carlo technique (Bernasconi, 1978). This apptoach, however,
is too time-consuming to be suitable for the routine calculations.
The observation that the effective medium approximation
is accurate except close to the percolation threshold and that
a renormalized network is further from the percolation thresh-
old than the original network led Sahimi et al. (1983) to com-
bine the EMA and the PSRG approaches. In their approach,
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Figure 2. Renormalized bond occupation probability,
R(p), vs. the original bond occupation prob-
ability, p.

known as the renormalized effective medium approximation
(REMA), a single renormalization step is carried out and the
renormalized conductance distribution 4, (g) is used as the
input to EMA (Eq. 3) instead of the original distribution 4, (g).
Sahimi et al. applied REMA to a binary conductance distri-
bution on the square and simple cubic lattices and compared
the results with the original EMA and with the direct solution
(DS) method. They found that REMA was much superior to
EMA in the region of the percolation threshold. In particular,
for a simple cubic lattice, percolation occurs when R(p)=
1/3 which leads, via the relationship between R(p) and p
(Bernasconi, 1978), to p.=0.2673. The REMA value of the
percolation threshold is thus much closer to the true value of
0.2493 than either the PSRG value of 0.2085 or the EMA value
of 1/3.

Sahimi (1988) tackled the prediction of the fluid permeability
of a solid having a continuous pore-size distribution. He used
REMA, with the renormalization cell shown in Figure 1, to
predict the relative permeability of a model porous solid. To
make REMA calculation tractable, Sahimi discretized the dis-
tribution, thereby converting the integration of Eq. 3 to a
summation. By making a comparison with a numerical solution
to Eq. 11, he found for the particular conductance distribution
used in his calculations that six discrete conductances gave an
adequate representation of the original continuous distribu-
tion. Although the discretization procedure worked well in this
particular case, the number of discrete conductances required
to give good results must vary from distribution to distribution
and would not be known a priori. The choice of the values of
the discrete conductances and their associated weights is also
problematical. As a result, the suitability of a particular dis-
cretization scheme cannot be assessed without carrying out the
full numerical calculation. More recently, Petropolous et al.
(1991) have adopted a discretization approach to the appli-
cation of REMA to continuous conductance distributions in
a two-dimensional square lattice.

We have adapted the basic REMA approach of Sahimi et
al. (1983) for the prediction of the effective diffusivity of
porous solids with continuous pore-size distributions. Our ap-
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proach involves a Monte Carlo procedure in which conduct-
ances are chosen at random from the conductance distribution,
h,(g), and assigned to the bonds of the unit cell shown in
Figure la. The renormalized conductance corresponding to
this assignment of conductances is then calculated. This pro-
cedure is repeated over many realizations of the unit cell to
give the renormalized conductance distribution, A, (g), which
is then the input to the EMA. It is convenient to work in terms
of the quantity a defined in Eq. 2 and the pore-size distribution
h,(r) rather than with g and £,(g).

The Monte Carlo simulation method (which for convenience
we call MC-REMA) is described in detail as follows. In each
realization of the unit cell, every bond in the equivalent elec-
trical circuit of Figure 1c is labeled as occupied with probability
p, or unoccupied with probability (1 —p). If it is occupied, it
is assigned a pore size randomly from f,(r). The renormalized
conductance for each realization is calculated using the solution
to the mass-balance equations for the circuit of Figure lc,
which is given in the Appendix. In this calculation, caution is
required in dealing with the unoccupied bonds. If a cluster of
one or more occupied bonds is not attached to either end of
the equivalent electrical circuit, the potentials of the nodes in
that cluster are indeterminate and the conductance matrix is
singular. To avoid this problem, the unoccupied bonds are
assigned a small conductance, chosen so that it is much smaller
than any of the real conductances in the network. This pro-
cedure has a negligible effect on the calculated renormalized
conductance g’. The output of the Monte Carlo procedure is
a set of renormalized conductances, which is then used as the
input to EMA. If @/ is the renormalized value of quantity a
(as defined in Eq. 2) for realization i, Eq. 5 becomes:

1 &
N2

i

(a; — <a’' >pwa)

- - =0 (12)
[a; +(Z72-1)<a >gual

where N is the number of realizations of the renormalization
cell.

The effective diffusivity is obtained by rewriting Eq. 7 with
<a’ >gua in place of <a> gy and 2/, in place of /, (as each
renormalized bond is twice as long as the original).

1
De=§K"lr(21u)<a’>EMA (13)

where K’ is the number of pores per unit volume in the re-
normalized network. The number of pores per unit volume
decreases by a factor of eight on renormalization so

, 1 €
K T8 a<rt>l, a4

Finally, by substituting Eq. 14 into Eq. 13, the effective
diffusivity is given by:

1 <a' >
D=L sS4 Zem
12 <re>

(15

Results and Discussion
To evaluate the accuracy of the MC-REMA predictions, it
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is necessary to generate essentially exact results for the effective
diffusivity of a simple cubic lattice using the DS method. By
““essentially exact,”” we mean here that the error can be made
arbitrarily small by the expenditure of computer time, that is,
by studying large lattices and by carrying out many realizations.
As in the MC-REMA calculation, the bonds are randomly
removed with probability (1 — p) with a radius being assigned
to the surviving bonds from the pore-size distribution f,(r),
and many realizations are carried out. The following mass
balance must be satisfied at each node in the lattice:

2. =0 (16)

where the summation is over all pores that meet at that node.
Substituting Eq. 1 in Eq. 16 gives:

|
(=

2
ZwD(r)r A 17)

[ oGt

i

A concentration difference is imposed in the x-direction.
Periodic boundary conditions are imposed in the y- and z-
directions so that, for example, a flux leaving the lattice from
a node on the y=L face (where L is the linear dimension of
the lattice, expressed as a number of pore lengths) re-enters
through the corresponding node on the y=0 face. The mass-
balance equations for all the internal nodes, together with the
specifications of the concentrations on the x=0 and x=1L
surfaces, can be written in matrix form as:

Ac=b (18)

where ¢ is a vector containing the concentrations at the nodes.
We have used an iterative method (the Lanczos algorithm,
implemented in the numerical algorithms group subroutine
F04QAF) to solve Eq. 18 for the concentration vector ¢. As
in the MC-REMA calculation, a very small conductance is
assigned to the deleted bonds in order to prevent 4 from
becoming singular if isolated clusters of bonds are ;resent.
Once the concentrations have been calculated, the flux across
the lattice and hence the effective diffusion coefficient can be
obtained.

We have compared the results from the DS method with
MC-REMA for two diffusion mechanisms: molecular and
Knudsen. The Knudsen diffusion coefficient is proportional
to the pore radius r:

172
DK=§(8:;A;> r (19)
where R is the gas constant, T is the temperature, and M is
the molecular weight of the diffusing species.

In our comparison of the effective diffusivity obtained from
the DS method with the predictions of MC-REMA, we have
used a lognormal pore-size distribution (as distributions of
approximately this form are often found experimentally). The
lognormal distribution takes the form:

1 _lIn(r) —pP
f'""\/ﬂw‘”‘p{ 207 } (20)
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Figure 3. Network size dependence of DS results for
molecular diffusion at two bond occupancy
probabilities: p=1.0 (o) and p=0.35 (o).

In each case, the effective diffusivity is reduced by its value at
L=15.m=40 A and s=24 A. Error bars are shown where the
error is larger than the symbol.

where p and ¢ are parameters. The mean, m, and the standard
deviation, s, of the distribution are given by:

m=exp(p+0.506%) 21
and
s=[expQu + 20 — m*]'"? 2)

As it is desired to predict the effective diffusivity of very
large (essentially infinite) systems, the effect of finite system
size must be effectively eliminated from results of the DS
calculations. Figure 3 shows the variation of the effective dif-
fusivity with lattice size, L, for molecular diffusion with two
bond occupation probabilities, p =1 and p =0.35. The effective
diffusivity is reduced by the values at L =15. The calculated
diffusivities are higher for small network size and approach a
constant value as the size increases. From Figure 3 it can be
seen that the influence of network size on the simulation results
is very small for L=15.

The reduced effective diffusivities predicted by EMA and
MC-REMA are compared with the DS results for a given pore-
size distribution in Figures 4a and 4b, which show molecular
and Knudsen diffusion, respectively. A large number of re-
alizations are required in calculating the renormalized con-
ductance distribution from the equivalent electrical circuit
(Figure Ic). In the MC-REMA calculations for Figure 4a and
4b, 200,000 realizations were performed. However, the error
introduced by carrying out only 10 thousand realizations is
less than 1%, so this lower number of realizations may be
sufficient for practical purposes. EMA is accurate for
0.6<p<1.0, but becomes progressively less so, as the per-
colation threshold is approached, reflecting the poor estimate
of the percolation threshold with EMA. MC-REMA, on the
other hand, is much more accurate near the percolation thresh-
old, while its accuracy is comparable to that of EMA far from
p.. Using a Sun SPARC Station 17, MC-REMA required of
the order of a minute per ten thousand realizations. MC-REMA
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Figure 4. Comparison of effective diffusivities pre-
dicted by MC-REMA, EMA, and DS: (a) mo-
lecular diffusion and (b) Knudsen diffusion.

The effective diffusivities are reduced by their values at p= 1.0.
0 =DS; — =MC-REMA; ——---=EMA.m=40 A ands=24 A.

is thus two orders of magnitude faster than the DS method;
this reflects the fact that MC-REMA effectively involves the
calculation of the conductance of a network of 12 bonds com-
pared with thousands of bonds in the DS method.

Having established the accuracy of MC-REMA, we consider
its application to hindered diffusion as a function of molecular
size and to diffusion in networks with a bimodal pore-size
distribution. We model hindered diffusion using the diffusion
coefficient of Spry and Sawyer (1975):

4
D,=D, (1 —ﬂ> 23)

r

for ry, <r, where D,, is the molecular diffusion coefficient and
rmo 1S the molecular radius.

As the molecular radius increases, the fraction of the net-
work accessible to the molecule decreases until at a critical
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Figure 5. Effective diffusivity vs. molecular radius for
hindered diffusion.

The effective diffusivity is reduced by its value at zero molecular
radius, — =MC-REMA; -——=EMA. m=40 A ands=24 A.

radius the percolation threshold is reached. Molecules larger
than this critical size cannot diffuse through the network. Fig-
ure 5 shows a comparison between the predictions of MC-
REMA and EMA for hindered diffusion as a function of
molecular radius, While MC-REMA and EMA give similar
results for small molecules (far from the percolation threshold),
the results are significantly different as the percolation thresh-
old is approached.

We represent a bimodal pore-size distribution by the sum
of the lognormal distributions:

1.4
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Figure 6. Comparison of the effective diffusivity pre-
dicted by MC-REMA with that predicted by
EMA for a bimodal pore-size distribution.

Effective diffusivities are reduced by the results of o, =0. —
=MC-REMA; -——-=EMA. The mean pore radius of the ma-
cropore mode is 160 A 1), 200 A (2), and 240 A (3). In all the
calculations, the mean pore radius of the micropore mode is 40
A. The standard deviation is 20 A for both modes.
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vV 27 Tacl 2o'mac
where

Olmic + Omac = 1 (25)

Provided the micropore and macropore distributions are
sufficiently far apart that the two lognormal functions do not
overlap, the number fractions of pores in these modes are given
by amic and oy, respectively.

Figure 6 shows a comparison of the effective diffusivities
predicted by MC-REMA and EMA as a function of the fraction
of macropores, an,., holding the porosity constant. The ef-
fective diffusivities are normalized by the result for o, =0.
As a, is increased from 0 to 1, the effective diffusivity goes
through a minimum. This can be understood as follows. As
Qe 18 increased from zero (holding the porosity constant),
some of the micropores are replaced by a smaller number of
macropores. The macropores are isolated from each other and
contribute little to diffusion. The main effect of increasing
0 18 therefore to reduce the number of pores per unit volume
and hence the effective diffusivity. However, when the number
of macropores in the network has reached a stage where some
larger clusters of macropores are formed, the effect of ma-
cropores on the effective diffusivity becomes important. Fi-
nally, when a percolating cluster of macropores is formed, it
dominates the diffusion process. It can be seen from Figure 6
that EMA significantly underestimates the effective diffusivity
over a wide range of values of ay,.. Furthermore, as the two
modes move further apart, the EMA predictions are increas-
ingly at variance with those of the more accurate MC-REMA.

Summary

We have investigated diffusion in amorphous, porous solids
which have pore networks close to the percolation threshold,
using the MC-REMA method. This method is accurate both
close to and far from the percolation threshold and is fast,
requiring of the order of one minute on a modern workstation.
We have demonstrated the superiority of MC-REMA over the
conventional EMA in two cases which are likely to be of prac-
tical importance: hindered diffusion and diffusion in solids
with a multimodal pore-size distribution.
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Notation
a = a factor of the diffusional conductance, defined in Eq. 2
A = matrix of coefficients in the DS method
b = constant vector in the DS method
¢ = nodal concentration
¢ = nodal concentration vector
D, = effective diffusivity
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D, = hindered diffusion coefficient
D, = Knudsen diffusion coefficient
D,, = molecular diffusion coefficient
D(r) = generalized diffusion coefficient
f.(g) = conductance distribution (occupied bonds only)
f.(r) = pore-size distribution (occupied bonds only)
g = bond conductance
g = effective conductance calculated using PSRG method
g, = conductance in a binary distribution
G = variable defined in the Appendix
h.(g) = conductance distribution (including unoccupied bonds)
h.(ry = pore-size distribution (including unoccupied bonds)
J = diffusional flux
K = number of pores per unit volume
! = pore length
{, = uniform pore length
L = network size expressed as a number of pore lengths
M = molecular weight of diffusing species
m = mean of lognormal distribution
N = number of realizations of the renormalization cell
p = bond occupation probability
p. = percolation threshold
p* = fixed point probability
R = gas constant
R(p) = bond occupation probability in renormalized network
r = pore radius
ree = molecular radius
s = standard deviation of lognormal distribution
T = temperature
¥V, = potential of node 7 in the equivalent circuit
Z = mean coordination number

Greek letters

o = number fraction of pores in one mode of a bimodal distri-
bution
€ = porosity
u = parameter of the lognormal distribution
¢ = parameter of the lognormal distribution
Subscripts
EMA = effective quantities calculated using the effective medium
approximation
mic = parameter of micropore distribution
mac = parameter of macropore distribution
Superscripts

= renormalized variables
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Appendix

The 12 conductances in the equivalent circuit (Figure 1c) of
the renormalization cell are labeled g, g,. ..., g2 (as shown in
Figure 7). The conductance of the circuit is calculated by im-
posing a unit potential difference across the cell between nodes
A and B and writing current balance equations for the four
internal nodes C, D, E and F. The four equations are solved
for V¢, Vp, Vg and Vi giving:

1
Vc=5 {go{ (G2tEi+8+ &) (e +8+8+8u)(ga+g+&

+8) — Bl —83(g+ 818 +81) ) +80lg8Ei+ 8 (& + &+
+ )8t 8 +8+81) — 88 ) +81{8182(8+ 8+ 8+ 81)

+8:8:(82+ 8 + 8+ 8&i0) } +821218:8

F8(e &1+ &+ 80) (B + &+ &+ e —&))) (Al

1
VD=1—) {g9{ 2838t 8. [(g+ &+ 8+ 81) (8t 8+ 85+ 812)

g+ gl (Gt gmtgtegn (g +a+es+g)(ete
+&+ &) - gl g (g + 8+ es+g) ) taniagetalia
+8utgs+8) (8a+ 8+ 8+ 81n)— &)

+8{28: (gt &+ g+8)tat(a+a+e+ten)l] (A2)

1
VE=5 {8e1218:(80+ 83+ 8+ 812) + 8:8:(82+ &)+ 8+ 810) }

+ 8210181838+ £[(8 + 84+ 85+ 89) (8a+ 23+ 85+ 812) — £
+g{(g+g+8+e)(g+8 +28s+810) (&1 +8i+85+8)
~&-gi(g+ 8 +8+80) ) +21{818:84

+ol(g+a+8+80) (&1+g+8+8)—gl}] (A3)

and

1
VFZE {8:{2:18:8:+ &l(&2+ 8 + 86+ 810) (&3 + 82+ &1+ 811

—&31) +210(8:83 (81 + 8a+ 85+ &) +£184(8+ &2+ & +811) )

+ 20118188+ & (824 81+ 8+ 810) (81 + 8+ 85+ 8) — &1}

+ 82 (81 +8:+ 8 +8) (gt &+ g+ 81} (821 81+ 8+ &)
~gl-g(gm+ate+an))] (A

where

G=—-288:8:8+8&&— (& +&+8&+21)(g+8
+ 8+ &)1~ (81+ 8+ 85+ 85) (85 (82 81 + 86+ 210)
+&(8i+ & +&+80) ]+ 8l (L+8+8
+810) (&3+&+8+8u) ]+ (81 +8+85+8)(82+ 81+

+810) (& +8+8+81) (gt 8 +8&+g1r) (AS)

The conductance g’ of the renormalization cell is given by:

g =gsVct+gsVp+egVe+esVe
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